
2

Pertinencia de la demostración matemática para el 
estudio del análisis real en la Universidad Estatal a 

Distancia de Costa Rica. 

/XLV�)HUQDQGR�5DPtUH]�2YLHGR� 

�8QLYHUVLGDG�(VWDWDO�D�'LVWDQFLD, 6DQ�-RVp� &RVWD�5LFD 
OUDPLUH]#XQHG�DF�FU�

Abstract. (Q�ORV�SURFHVRV�GH�HQVHxDQ]D�\�DSUHQGL]DMH�GH�XQ�FXUVR�LQWURGXFWRULR�
GH�DQiOLVLV�UHDO��FRPR�SDUWH�GH�OD�FDUUHUD�GH�(QVHxDQ]D�GH�OD�0DWHPiWLFD�GH�OD�
8QLYHUVLGDG�(VWDWDO�D�'LVWDQFLD��81('���HQ�RFDVLRQHV��VXUJHQ�FXHVWLRQDPLHQ�
WRV�HQWUH�HO�HVWXGLDQWDGR�DFHUFD�GH�OD�QHFHVLGDG�\�SHUWLQHQFLD�GHO�XVR�GH�ODV�GLIH�
UHQWHV� WpFQLFDV� GH� GHPRVWUDFLyQ�PDWHPiWLFD, FRPR� HVWUDWHJLD� GH�PHGLDFLyQ� \�
HYDOXDFLyQ��(Q�HO�SUHVHQWH�HQVD\R�VH�HVWDEOHFHQ�HOHPHQWRV�TXH� UHVDOWDQ� OD� LP�
SRUWDQFLD�GH�OD�GHPRVWUDFLyQ�\�VXV�PpWRGRV�HQ�OD�IRUPDFLyQ�LQLFLDO�GH�GRFHQWHV�
GH�PDWHPiWLFD�SDUD�OD�HQVHxDQ]D�FRVWDUULFHQVH� 

 
'LIHUHQWHV�LQYHVWLJDGRUHV�HQ�'LGiFWLFD�GH�OD�0DWHPiWLFD �&UHVSR������a��(V�

WHYHQ�HW�DO���������$]FiUDWH \�&DPDFKR������� KDQ�VHxDODGR�OD�LPSRUWDQFLD�GH�
OD� GHPRVWUDFLyQ� FRPR� HVWUDWHJLD� SDUD� OD� HQVHxDQ]D� GH� OD�PDWHPiWLFD�� VLQ� HP�
EDUJR��HVWH� WUDEDMR�VH�HQIRFD�HQ� ORV�SULQFLSDOHV�DVSHFWRV�TXH�GHVWDFDQ� OD�SHUWL�
QHQFLD�GH�OD�GHPRVWUDFLyQ�HQ�HO�DSUHQGL]DMH�R�DSURSLDFLyQ�GH�ORV�FRQFHSWRV�GH�
DQiOLVLV�UHDO�HQ�OD�IRUPDFLyQ�LQLFLDO�GH�GRFHQWHV�GH�PDWHPiWLFD�HQ�OD�81('����� 

Keywords: 'HPRVWUDFLyQ�PDWHPiWLFD��HQVHxDQ]D�GH�OD�PDWHPiWLFD��IRUPDFLyQ�
GH�SURIHVRUHV� 

1 Introducción 

/D� FDUUHUD� GH� (QVHxDQ]D� GH� OD� 0DWHPiWLFD� GH� OD� 8QLYHUVLGDG� (VWDWDO� D� 'LVWDQFLD�
�81('��GH�&RVWD�5LFD� IRUPD�SURIHVRUHV�GH�PDWHPiWLFD�SDUD� OD� HQVHxDQ]D�PHGLD�\�
VXSHULRU� FRVWDUULFHQVH�� &RPR� SDUWH� GHO� SODQ� GH� HVWXGLRV, VH� HQFXHQWUD� XQD� VHULH� GH�
DVLJQDWXUDV� UHODFLRQDGDV� FRQ� HO� DQiOLVLV� PDWHPiWLFR�� OyJLFD� \� WHRUtD� GH� FRQMXQWRV��
iOJHEUD�\� IXQFLRQHV�� FiOFXOR�GLIHUHQFLDO�� FiOFXOR� LQWHJUDO�� FiOFXOR� VXSHULRU� \� DQiOLVLV�
real� (VWH�~OWLPR, sin duda, DOJXQD�IRUPDOL]D�XQD�JUDQ�FDQWLGDG�GH�FRQFHSWRV�HOHPHQ�
WDOHV�HQ�OD�IRUPDFLyQ�GH�ORV�IXWXURV�GRFHQWHV�\�OD�IRUPDOLGDG�FRQ�TXH�VH�DERUGDQ�ORV�
FRQFHSWRV�HV�OD�SURSLD�GH�XQ�FXUVR�FOiVLFR�GH�DQiOLVLV�PDWHPiWLFR�� 

 
3DUa PXFKRV PDWHPiWLFRV��HV�HYLGHQWH�OD�SHUWLQHQFLD�GHO�DERUGDMH�GH�GHPRVWUDFLR�

QHV� PDWHPiWLFDV� SDUD� OD� IRUPDFLyQ� SURIHVLRQDO� GH� IXWXURV� GRFHQWHV� GH� PDWHPiWLFD 
/HLNLQ�HW�DO��������, \D�TXH�HQ�VX�IRUPDFLyQ�UHVXOWD�QDWXUDO�\�QHFHVDULR�YDOLGDU�HO�FR�
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QRFLPLHQWR�PDWHPiWLFR� SLQ�HPEDUJR��SDUD�ORV�HVWXGLDQWHV, HQ�VX�HWDSD�GH�IRUPDFLyQ�
LQLFLDO�HQ�OD�FDUUHUD�GH�(QVHxDQ]D�GH�OD�0DWHPiWLFD, SRGUtD�QR�VHU�FODUa OD�LPSRUWDQFLD�
GH�OD�GHPRVWUDFLyQ�H�LQFOXVR�SRGUtDQ�FRQVLGHUDU�TXH�HO�GHVDUUROOR�GH�HVWDV�KDELOLGDGHV�
QR� VH� UHTXLHUH� SDUD� VX� SUiFWLFD� SURIHVLRQDO, DXQ� FXDQGR� HO�0LQLVWHULR� GH�(GXFDFLyQ�
3~EOLFD��������HQ�VXV�SURJUDPDV�GH�HVWXGLR�UHFRPLHQGD�XWLOL]DU�GHPRVWUDFLRQHV�PD�
WHPiWLFDV�VLPSOHV�SDUD�GHVDUUROODU�OD�KDELOLGDG�GH�UD]RQDPLHQWR�\�DUJXPHQWDFLyQ��  (n 
HO�SUHVHQWH� WUDEDMR, VH� WUDWD�GH�DFODUDU� EUHYHPHQWH OD�SHUWLQHQFLD�GH� OD�GHPRVWUDFLyQ�
PDWHPiWLFD�� H[SUHVDQGR�SDUD�HOOR� DOJXQDV� UHIOH[LRQHV� FRQFUHWDV� DFHUFD�GH� OD� LPSRU�
WDQFLD� GH� XQ� HQIRTXH� OyJLFR� TXH� JDUDQWLFH� OD� FRPSUHQVLyQ� DGHFXDGD� GH� ORV� REMHWRV�
PDWHPiWLFRV�SDUD�VX�FRUUHFWD HQVHxDQ]D�� 

2 Sobre el análisis real y el cálculo 

(O�DQiOLVLV�PDWHPiWLFR�PRGHUQR�HV�XQD�UDPD�GH�OD�PDWHPiWLFD�TXH�HVWXGLD�ODV�SUR�
SLHGDGHV�DOJHEUDLFDV�\�WRSROyJLFDV�GH�ORV�FRQMXQWRV, D�WUDYpV�GH�GRV�FRQFHSWRV�FODYH� 
FRQYHUJHQFLD� \� FRQWLQXLGDG��8Q�FXUVR�XQLYHUVLWDULR� LQWURGXFWRULR�GH� DQiOLVLV� UHDO� HQ�
XQD�YDULDEOH�HVWXGLD�ODV�SURSLHGDGHV�GHO�FRQMXQWR�GH�ORV�Q~PHURV�UHDOHV��VX�D[LRPDWL�
]DFLyQ�R�SRVLEOH�FRQVWUXFFLyQ��DVt�FRPR�ORV�FRQFHSWRV�PiV�HOHPHQWDOHV�TXH�SHUPLWHQ�
DYDQ]DU�HQ�HO�HVWXGLR�GH�HVSDFLRV�PiV�JHQHUDOHV��FRPR�OR�VRQ�ORV FRQFHSWRs de deri-
YDGD��LQWHJUDO��VXFHVLyQ��VHULHV�QXPpULFDV�\�VHULHV�GH�IXQFLRQHV��HQWUH�RWURV� 

 
0XFKRV� GH� ORV� FRQFHSWRV�PDWHPiWLFRV� WUDWDGRV� HQ� XQ� FXUVR� GH� DQiOLVLV� UHDO� VRQ�

XVXDOPHQWH�DERUGDGRV�HQ�XQ�FXUVR�GH�FiOFXOR�SDUD�LQJHQLHUtDV�X RWUDV�iUHDV�FRPR�HQ�
FLHQFLDV� GH� OD� VDOXG� R� FLHQFLDV� HFRQyPLFDV�� SRU� HMHPSOR�� FRQFHSWRV� FRPR� OtPLWH� GH�
XQD�IXQFLyQ��GHULYDGDV��LQWHJUDOHV��VHULHV�QXPpULFDV��HQWUH�RWURV��6LQ�HPEDUJR��HO�WUD�
WDPLHQWR�TXH�UHFLEHQ�HVWRV�FRQFHSWRV�GHVGH�HO�DQiOLVLV�HV�PXFKR�PiV ULJXURVR��\D�TXH�
ODV�SURSLHGDGHV�\�SURSRVLFLRQHV�HVWDEOHFLGDV�VREUH�ORV�FRQFHSWRV�PDWHPiWLFRV�TXH�VH�
GHPXHVWUDQ�HQ�HO�FXUVR�GH�DQiOLVLV�VH�DERUGDQ�XVXDOPHQWH�FRQ�XQ�HQIRTXH�FRQVWUXFWL�
YR��UHFUHDQGR�ODV�FRQH[LRQHV�HQWUH�ORV�FRQFHSWRV�TXH�GDQ�RULJHQ�D�ODV�IyUPXODV�TXH�VH�
HVWXGLDQ�GLUHFWDPHQWH�HQ�XQ�FXUVR�FOiVLFR�GH�FiOFXOR�� 

 
/D� DUJXPHQWDFLyQ� H[SOtFLWD�� TXH� VLJXH� XQD� FRKHUHQFLD� OyJLFD� HQ� FDGD� XQD� GH� ODV�

GHPRVWUDFLRQHV� GHO� DQiOLVLV� UHDO�� SHUPLWH� YDOLGDU� JHQHUDOL]DFLRQHV� VREUH� ORV� REMHWRV�
PDWHPiWLFRV��DVt�FRPR�HVWDEOHFHU las SURSLHGDGHV�GH�HVWRV, TXH�HQ�DOJXQRV�FDVRV�SXH�
GHQ�SDUHFHU�HYLGHQWHV��SHUR�FX\D�FRQILUPDFLyQ�QR�SXHGH�REWHQHUVH�PHGLDQWH�VLPSOHV�
FiOFXORV��GHELGR�D�OD�H[DFWLWXG�TXH�VROR�OD�OyJLFD�IRUPDO�SXHGH�EULQGDU�HQ�OD�PDWHPi�
WLFD� 3DUD�&UHVSR�\�)DUIiQ�������, HQ� ORV�SURFHVRV�GH�HQVHxDQ]D�\�DSUHQGL]DMH�GH� OD�
PDWHPiWLFD�HO�REMHWLYR�GH�OD�GHPRVWUDFLyQ�HV�D\XGDU�D�YDOLGDU�REMHWLYDPHQWH�HO�FRQR�
FLPLHQWR�FLHQWtILFR��HQ�HVWH�FDVR, ORV�REMHWRV�PDWHPiWLFRV�D�WUDYpV�GHO�UD]RQDPLHQWR�� 

 
&RPR�VH�PHQFLRQD en $]FiUDWH \�&DPDFKR ������, D�XQ�QLYHO�HOHPHQWDO��ODV�GHV�

FULSFLRQHV�VH�FRQVWUX\HQ�VREUH�OD�H[SHULHQFLD��PLHQWUDV�TXH�HQ�XQ�QLYHO�DYDQ]DGR�VH�
UHTXLHUH�GH�XQ�FRQRFLPLHQWR�IRUPDO��\D�TXH�ODV�SURSLHGDGHV�GH�ORV�REMHWRV�PDWHPiWL�
FRV�VH�FRQVWUX\HQ�D�SDUWLU�GH�GHILQLFLRQHV�\�SURSRVLFLRQHV��GH�PRGR�TXH�ODV�FDUDFWHUtV�
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WLFDV�GHO�DQiOLVLV�UHDO�FRPR�SDUWH�GHO�DQiOLVLV�PRGHUQR, VH�FODVLILFD�GHQWUR�GH�XQ�QLYHO�
DYDQ]DGR�GH�OD�PDWHPiWLFD�XQLYHUVLWDULD�\�VX�WUDWDPLHQWR�GHEH�VHU�IRUPDO�\�ULJXURVR�� 

 
&ODUDPHQWH��OD�FRPSOHMLGDG�\�DEVWUDFFLyQ�TXH�UHSUHVHQWD�HO�GHVDUUROOR�GH�OD�GHPRV�

WUDFLyQ� GH� DOJXQDV� SURSLHGDGHV� GH� ORV� FRQFHSWRV� HQ� HVWXGLR� HQ� HO� DQiOLVLV� YHUVXV� OR�
FRQFUHWR�GH�DSOLFDU�HVWDV�SURSLHGDGHV�HQ�HO�FiOFXOR�SRGUtD�FRQVLGHUDUVH�XQ�REVWiFXOR�
SDUD�HO�DSUHQGL]DMH�GH�OD�PDWHPiWLFD�GH�ORV�IXWXURV�GRFHQWHV�\�HVWR�SRGUtD�JHQHUDU�TXH�
ORV�GRFHQWHV�HQ�IRUPDFLyQ�VH�GHFOLQHQ�SRU�DSOLFDU�ODV�IyUPXODV�\�QR�SRU�HVFXGULxDU�ORV�
FRQFHSWRV� IRUPDOPHQWH�� 'HVGH� HVWD� SHUVSHFWLYD� %Oi]TXH]� HW� DO�� ������ FRQWUDVWDn, 
PHGLDQWH�XQD�LQYHVWLJDFLyQ, OD�FRQFHSWXDOL]DFLyQ�IRUPDO�GH�OtPLWH TXH�VH�XWLOL]D�WUDGL�
FLRQDOPHQWH�HQ�HO�HVWXGLR�GHO�DQiOLVLV� UHDO�� FRQ�XQD�FRQFHSWXDOL]DFLyQ�PiV� LQWXLWLYD, 
denominada aproximación óptima que utiliza cálculos “simples”, \� XQD� UHSUHVHQWD�
FLyQ�JUiILFD�GHO�FRQFHSWR�GH�OtPLWH��,QGLFDQ�TXH�ORV�HVWXGLDQWHV�WLHQHQ�PD\RU�IDFLOLGDG�
FRQ�HO�PpWRGR� LQWXLWLYR�TXH�FRQ�HO�PpWRGR�IRUPDO� VLQ�HPEDUJR��HVWD� UHSUHVHQWDFLyQ�
TXH�SXHGH�IDYRUHFHU�XQ�SULPHU�DFHUFDPLHQWR�FDUHFH�GH� ORV�HOHPHQWRV�para FRQWLQXDU�
FRQ� HO� HVWXGLR� GH� ODV� SURSLHGDGHV� GH� ORV� OtPLWHV�� las cuales UHTXLHUHQ� GHO� XVR� GH� OD�
GHILQLFLyQ�IRUPDO�� 

3 La demostración en la construcción de ciertos objetos 
matemáticos. 

3DUD 6RFDV \�&DPDFKR �������� FRQRFHU�SOHQDPHQWH� DOJXQRV�REMHWRV�PDWHPiWLFRV�
HV�HVWULFWDPHQWH�QHFHVDULR�SDUD�GHVDUUROODU�SURFHVRV�GH�HQVHxDQ]D�\�DSUHQGL]DMH�DGH�
FXDGRV��GH�PRGR�TXH�HO�FRQRFLPLHQWR�PDWHPiWLFR�FRQVWLWX\H�HO�SXQWR�GH�SDUWLGD�SDUD�
VX�SURSLD�HQVHxDQ]D� (V�SRU�HVWD�UD]yQ�TXH� HQ�OD�IRUPDFLyQ�LQLFLDO�GH�GRFHQWHV, TXH�
VH�HQFDUJDUiQ�GH�PHGLDU�SURFHVRV�GH�HQVHxDQ]D�\�DSUHQGL]DMH�GH�OD�PDWHPiWLFD�WDQWR�
HQ�FXUUtFXORV�D�QLYHO�GH� VHFXQGDULD�FRPR�XQLYHUVLWDULR, GHEH�JDUDQWL]DUVH�XQD�VyOLGD�
FRPSUHQVLyQ�GH�ORV�FRQFHSWRV�\�OD�IRUPD�HQ�TXH�VH�RULJLQDURQ��&UHVSR��������GHVWDFD�
TXH�ODV�GLIHUHQWHV�FRQFHSFLRQHV�GH�GHPRVWUDFLyQ�GHSHQGHQ�GHO�FRQWH[WR�VRFLDO�\�WHP�
SRUDO�HQ�TXH�WXYLHURQ�RULJHQ�\�FyPR�HVWRV�KDQ�HYROXFLRQDGR��SDVDQGR�GH�OR�LQWXLWLYR�D�
OD�IRUPDOL]DFLyQ�TXH�OHV�SHUPLWH�LQWHJUDUVH�GHVGH�ODV�GLIHUHQWHV�UDPDV�GH�OD�PDWHPiWL�
ca�� 

 
'RV�HMHPSORV� FOiVLFRV�GH� FRPR� OD� IRUPDOLGDG�\� ULJXURVLGDG�GH� OD� DUJXPHQWDFLyQ�

OyJLFR-GHGXFWLYD�KDn IDYRUHFLGR� OD�JHQHUDFLyQ�GH�FRQFHSWRV� VRQ� OD� WHRUtD�GH�*DORLV, 
TXH�VXUJH�DQWH�OD�ULJXURVLGDG�FRQ�TXH�VH�HQIUHQWy�HO�SUREOHPD�GH�GHWHUPLQDU�XQD�IyU�
PXOD�JHQHUDO�SDUD�HQFRQWUDU�ORV�FHURV�GH�XQ�SROLQRPLR�GH�TXLQWR�JUDGR�HQ�WpUPLQRV�GH�
VXV�FRHILFLHQWHV, \�OXHJR�ODV�JHRPHWUtDV�QR�HXFOtGHDV, TXH�VXUJLHURQ�DQWH�OD�LPSRVLEL�
OLGDG�GH�DUJXPHQWDU�GHGXFWLYDPHQWH�HO�TXLQWR�SRVWXODGR�GH�OD�REUD�EDVH�GH�OD�JHRPH�
tría euclídea “Elementos” y la posterior negación de eVWH��� 

 
$KRUD��FRQVLGHUH�D�PRGR�GH�HMHPSOR�HO�FRQMXQWR�GH� ORV�Q~PHURV�UHDOHV�\�SODQWHH�

ODV�VLJXLHQWHV�LQWHUURJDQWHV�� 
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x ¿CyPR�VXUJH�HO�FRQMXQWR�GH�ORV�Q~PHURV�UHDOHV"� 
x ¿(Q�TXp�IRUPDV�SXHGH�FRQVWUXLUVH�HVWH�FRQMXQWR" 
x ¿4Xp�GLIHUHQFLDV�H[LVWHQ�HQWUH�OD�FRQVWUXFFLyQ�TXH�SODQWHD�5LFKDUG�'HGHNLQG�YHU�

VXV�OD�FRQVWUXFFLyQ�GH�*HRUJ�&DQWRU"� 

3DUD�UHVSRQGHU�D�HVWDV�SUHJXQWDV, VH�UHTXLHUH�XQ�HVWXGLR�GHWDOODGR�GH�ORV�FRQFHSWRV��
D[LRPDV�\�SURSLHGDGHV�GHO�FDPSR�GH�ORV�Q~PHURV�UDFLRQDOHV��DVt�FRPR�GH�ODV�GHPRV�
WUDFLRQHV�TXH�SHrmiten establecer un “nuevo conjunto”, \D�VHD�IRUPDGR�SRU�ODV�FODVHV�
de equivalencia de sucesiones (de números racionales) de Cauchy o por las “cortadu-
ras” definidas por Dedekind. Sin embargo, resulta difícil, explorar “el origen” de los 
Q~PHURV�UHDOHV, a WUDYpV�GH�DOJRULWPRV�R�FiOFXORV�QXPpULFRV��(Q�GHILQLWLYD��VH�UHTXLHUH�
GH�XQ�PDQHMR�DGHFXDGR�GH�ODV�WpFQLFDV�\�IXQFLRQHV�de la GHPRVWUDFLyQ�SDUD�OD�FRP�
SUHQVLyQ OyJLFD�TXH� VLJXH� OD�FRQVWUXFFLyQ�GH�HVWH�FRQMXQWR, \D�TXH, FRPR�PHQFLRQD�
&UHVSR������E�, una de lDV�IXQFLRQHV�GH�OD�GHPRVWUDFLyQ�HV�GH�GHVFXEULPLHQWR� (VWD 
YD�PiV�DOOi�GH�OD�LQWXLFLyQ�\�VXUJH�GH�ODV�SURSLHGDGHV�TXH�FXPSOH�FLHUWR�REMHWR�\�TXH�
VH�GHVFULEHQ�FRQ�DUJXPHQWDFLyQ�GHGXFWLYD�� 

 
5HIHUHQWH� DO� HMHPSOR� DQWHULRU�� OD� FRQVWUXFFLyQ� GH� ORV� Q~PHURV� UHDOHV� IRUPD�SDUWH�

GHO�FXUUtFXOR�GH�ORV�IXWXURV�SURIHVRUHV�TXH, a su vez, GHEHQ�HQIUHQWDUVH�D�OD�HYHQWXDO�
WDUHD�GH�LQWURGXFLU�D�VXV�DOXPQRV�GH�VHFXQGDULD�HQ�HO�HVWXGLR�GHO�FRQMXQWR�GH�ORV�Q~�
PHURV�UHDOHV�\�VXV�VXEFRQMXQWRV�PiV�FRQRFLGRV� 3RU�HVWD�UD]yQ�GHEHUin WHQHU�XQ�YDVWR�
FRQRFLPLHQWR�VREUH�HVWH�FRQMXQWR��&RPR�SXQWR GH�SDUWLGD, HO�GRFHQWH�GHEH�VHU�FDSD]�
GH�UHVSRQGHUVH�D�Vt�PLVPR�DOJXQDV�SUHJXQWDV�TXH�SXHGHQ�VXUJLU�HQ�XQD�FODVH�GH�PD�
WHPiWLFD�GH�HQVHxDQ]D�PHGLD�SRU�SDUWH�GH�ORV�HVWXGLDQWHV�FRPR�� 

x ¿'H�GyQGH�VDOHQ�ORV�Q~PHURV�UHDOHV"� 
x ¿4XLpQ�ORV�LQYHQWy"� 
x ¿3DUD�TXp�VLUYHQ"� 

$KRUD�� ¢HVWi� HO� SURIHVRU� HQ� FDSDFLGDG�GH� UHVSRQGHU� HVWDV�SUHJXQWDV�GH� IRUPD� HV�
SRQWiQHD"�'H�OR�FRQWDULR��FyPR�SRGUtD�XQ�GRFHQWH�GHVDUUROODU�SURFHVRV�GH�HQVHxDQ]D�
\�DSUHQGL]DMH�VREUH�XQ�REMHWR�TXH�QR�FRQRFH�DGHFXDGDPHQWH��6H�UHTXLHUH�FRQRFHU�HVWH�
FRQMXQWR�FRQ�SURIXQGLGDG�\�ODV�IRUPDV�HQ�TXH�VH�KD�FRQVWUXLGR, D�WUDYpV�GH�OD�IRUPDOL�
]DFLyQ� OyJLFD, SDUD� SRGHU� EULQGDU� XQD� UHVSXHVWD� DFHUWDGD� D� HVWDV� WUHV� SUHJXQWDV� TXH�
SDUHFHQ�PX\�VLPSOHV��SHUR�TXH�FRQOOHYDQ�D�XQD�DEVWUDFFLyQ�PX\�JUDQGH���� 

 
3RU� VX�SDUWH�� -DUDPLOOR�\�6iQFKH]� ������ SUHVHQWDn XQD�SURSXHVWD�QRYHGRVD�SDUD�

FRQVWUXLU� ORV�Q~PHURV� UHDOHV, GHVDUUROODGD�SRU�)UHG�5LFKPDQ��HQ�FRQWUDSRVLFLyQ�D� OD�
SUHVHQWDFLyQ�D[LRPiWLFD�TXH�UHDOL]DQ�ORV�GRFHQWHV�HQ�OD�HQVHxDQ]D�PHGLD� SLQ�HPEDU�
JR�� VH� UHTXLHUH�XQD� FRPSUHQVLyQ LQLFLDO� GH� ORV�PpWRGRV�GH�&DQWRU�\�'HGHNLQG�SDUD�
SRGHU�FRQWUDVWDU�ODV�YHQWDMDV�GH�HVWD�~OWLPD�HQ�OD�IRUPDFLyQ�GH�HVWXGLDQWHV�HQ�DQiOLVLV�
UHDO�FRPR�IXWXURV�SURIHVRUHV��(VWDV FRQVWUXFFLRQHV�SUHVHQWDQ�XQ�DOWR�JUDGR�GH�IRUPD�
lidad, el cual, VRODPHQWH, D�WUDYpV GH�XQ�PDQHMR�FRQVROLGDGR�GH�ODV�GLIHUHQWHV�WpFQLFDV�
GH�GHPRVWUDFLyQ�PDWHPiWLFD, DOFDQ]DUi HO�HVWXGLDQWH�GH�DQiOLVLV� UHDO OD�FRPSUHQVLyQ�
GH� ORV� FRQFHSWRV�\� ODV�SURSRVLFLRQHV� LQYROXFUDGDV�� GRQGH� OD� LQWXLFLyQ�SXHGH� FRQVWL�
WXLUVH�HQ�XQ�REVWiFXOR�� 
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4 La argumentación más allá de la intuición 

Pérez (2003) presenta una frase del matemático Gilbert Strang: “nXHVWUR�WUDEDMR�QR�HV�
enteramente fácil: …tenemos que explicar las ideas de Newton, con la notación de 
/HLEQL]�FRQ�DOXPQRV�TXH�QR�VRQ�WDQ�DSWRV�FRPR�Cauchy” (p. 8). Los objetos matemá-
WLFRV�TXH�HVWXGLD�HO�DQiOLVLV�UHDO�HQ�HO�VLJOR�;;,�KDQ�HYROXFLRQDGR�\�KDQ�H[SHULPHQWD�
GR�SURFHVRV�GH�IRUPDOL]DFLyQ��DEDQGRQDQGR�ORV�FiOFXORV�EDVDGRV�HQ�OD�LQWXLFLyQ�JHR�
PpWULFD� GH� 1HZWRQ� R� /HLEQL]�� JUDFLDV� DO� DSRUWH� GH� PDWHPiWLFRV� FRPR� &DXFK\��
:HLHUVWUDVV��'HGHNLQG�\�&DQWRU��HQWUH�RWURV� 

 
/D�IRUPDOLGDG�TXH�SUHVHQWD�FDGD�GHILQLFLyQ��FDGD�WHRUHPD��FDGD�SURSRVLFLyQ�TXH�VH�

KD�GHPRVWUDGR��SDUWLHQGR�GH�XQD�EDVH�OyJLFD�GH�DUJXPHQWRV�KD�JHQHUDGR�TXH�OD�HQVH�
xDQ]D�\�DSUHQGL]DMH�GH�OD�PDWHPiWLFD�HQ�OD�DFWXDOLGDG�UHTXLHUD�GH�XQ�PDQHMR�DGHFXD�
GR�GH�ODV�GLIHUHQWHV�WpFQLFDV�GH�GHPRVWUDFLyQ�PDWHPiWLFD��EDVDGDV�HQ�SULQFLSLRV�OyJL�
FRV��GHMDQGR�OD�LQWXLFLyQ�VRODPHQWH�FRPR�XQ�FRPSOHPHQWR��TXH�IDYRUHFH�HQ�DOJXQRV�
FDVRV� XQD�PHMRU� UHSUHVHQWDFLyQ� FRJQLWLYD� GH� FDGD� REMHWR� HQ� HVWXGLR� R� XQ� SXQWR� GH�
SDUWLGD�SDUD�OD�UHVROXFLyQ�GH�SUREOHPDV��� 

 

8Q�HMHPSOR�GH�FyPR�OD�ULJXURVLGDG�GHO�HVWXGLR�GH�ORV�FRQFHSWRV�GH�DQiOLVLV�UHDO�ID�
YRUHFH� VX� DSUHQGL]DMH� HV� HO� SRGHU� H[SOLFDU� D� ORV� HVWXGLDQWHV�TXH� HQ� HO� LQWHUYDOR� UHDO�     
,  � @���>� H[LVWHQ� WDQWRV�Q~PHURV� UHDOHV� FRPR�HQ� WRGR�Ⴆ��/D� LQWXLFLyQ�SXHGH� LQGLFDU�
TXH�HVWH�UHVXOWDGR�HV�IDOVR��VLQ�HPEDUJR��OD�ULJXURVLGDG�GH�XQD�GHPRVWUDFLyQ�\�HO�XVR�
GH� XQ� FRQFHSWR� FRPR� OD� EL\HFWLYLGDG� GH� XQD� IXQFLyQ� SXHGH� SHUPLWLU� D� XQ� GRFHQWH�
GHVDUUROODU�HVWD�LGHD�FRQ�VXV�HVWXGLDQWHV�GH�HQVHxDQ]D�PHGLD�R�XQLYHUVLWDULD� 

 

2WURV�HMHPSORV�TXH�SRGUtDQ�PHQFLRQDUVH�GH�REMHWRV�GH�HVWXGLR�HQ�HO�FXUVR�GH�DQiOL�
VLV�UHDO�\�FRQ�LPSOHPHQWDFLyQ�GLUHFWD�HQ�OD�HQVHxDQ]D�GH�OD�PDWHPiWLFD�VRQ�OD�GHQVL�
GDG� GH� ORV� Q~PHURV� UDFLRQDOHV� VREUH� ORV� UHDOHV� R� HO� SULQFLSLR� GH� DUTXLPHGLDQLGDG� 
HQWUH�RWURV��FRQFHSWRV�TXH�SXHGHQ�VHU�PX\�DEVWUDFWRV�SDUD�DERUGDUORV�PHGLDQWH�HMHP�
SORV�FRQFUHWRV�\�TXH�VX�YHULILFDFLyQ�VRODPHQWH�SXHGH�ORJUDVH, D�WUDYpV�GH�GHGXFFLRQHV�
OyJLFDV��HV�GHFLU�PHGLDQWH GH�ODV�WpFQLFDV�GH�GHPRVWUDFLyQ� 

 
/RV� SURFHVRV� GH� GHPRVWUDFLyQ�PDWHPiWLFD� SHUPLWHQ� MXVWLILFDU� \� YDOLGDU, FRPR� OR�

VHxDODQ�=DNDU\DQ�\�6RVD�������� (VWRV�UHVFDWDQ�OD�LPSRUWDQFLD�GHO�FRQRFLPLHQWR�GHO�
GRFHQWH� VREUH� ODV� GLIHUHQWHV� WpFQLFDV� GH� GHPRVWUDFLyQ� FRPR�PpWRGR� SDUD� YDOLGDU� OD�
PDWHPiWLFD��WDQWR�HQ�XQ�QLYHO�HOHPHQWDl, FRPR�OR�HV�OD�VHFXQGDULD, KDVWD�XQ�QLYHO�VX�
SHULRU� HQ� ODV� XQLYHUVLGDGHV�� /D� GHPRVWUDFLyQ� PDWHPiWLFD� HV� LQWHJUDO�� SXHV� SHUPLWH�
HVWDEOHFHU� YtQFXORV� TXH� GDQ� FRQWLQXLGDG� D� OD� HYROXFLyQ� GH� ORV� REMHWRV�PDWHPiWLFRV�
FRQ�P~OWLSOHV�LQWHUVHFFLRQHV�HQ�ODV�GLIHUHQWHV UDPDV�GH�HVWD�GLVFLSOLQD�FLHQWtILFD�TXH, a 
su vez, VLUYHQ�GH�EDVH�SDUD�HO�GHVDUUROOR�GH�RWUDV�FLHQFLDV�FRPR�OD�ItVLFD��OD�TXtPLFD�\�
la bLRORJtD��HQWUH�RWUDV��TXH�FDUHFHQ�HQ�PXFKDV�RFDVLRQHV�GH�ORV�PHFDQLVPRV�DGHFXD�
GRV�SDUD�FRPSUREDU�SRU�PHGLR�GH�HQVD\RV�GH�FDPSR�GH�OD�YHUDFLGDG�GH�VXV�SRVWXOD�
GRV����� 
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5 Las técnicas de demostración y su relación con algunos 
conceptos.  

6HJ~Q�$OIDUR�HW�DO��������, OD�GHPRVWUDFLyQ�PDWHPiWLFD�GHEH�IRUPDU�SDUWH�GHO�FRQR�
FLPLHQWR�HVSHFLDOL]DGR�GHO�SURIHVRU��HV�GHFLU�TXH��HQ�VXV�SURFHVRV�GH�IRUPDFLyQ� LQL�
FLDO�� GHEH� FRQVROLGDU� VX� FRQRFLPLHQWR� HQ� ODV� GLIHUHQWHV� WpFQLFDV� GH� GHPRVWUDFLyQ� \�
DSOLFDUODV�HQ�ORV�GLIHUHQWHV�FXUVRV�GH�PDWHPiWLFD�LQFOXLGRV�HQ�VX�FXUUtFXOR�XQLYHUVLWD�
ULR�� 

 
$OJXQDV�GH�ODV�WpFQLFDV�GH�GHPRVWUDFLyQ�PDWHPiWLFD�PiV�HPSOHDGDV�HQ�ORV�GLIHUHQ�

WHV�FXUVRV�GH�PDWHPiWLFD��HVSHFLDOPHQWH�HQ�DQiOLVLV�UHDO�VRQ�OD�GHPRVWUDFLyQ�GLUHFWD��
OD� GHPRVWUDFLyQ� SRU� UHGXFFLyQ� DO� DEVXUGR�� OD� GHPRVWUDFLyQ� SRU� FRQWUDSRVLFLyQ�� SRU�
LQGXFFLyQ�PDWHPiWLFD��HQWUH�RWUDV�� 

 
(O�HVWXGLDQWH�GH�DQiOLVLV�UHDO�GHEH�WHQHU�FODULGDG�VREUH�HQ�TXp�PRPHQWR�GHEH�HP�

SOHDU�XQR�X�RWUR�PpWRGR�GH�GHPRVWUDFLyQ��\D�TXH�HO� DERUGDMH�SRU�XQ�PpWRGR�GH�GH�
PRVWUDFLyQ� X� RWUR� SXHGH� DXPHQWDU� HO� QLYHO� GH� GLILFXOWDG� H[SRQHQFLDOPHQWH�� OR� FXDO�
puede conducir a errores graves o una especie de “estancamiento”, SRU�SDUWH�GHO�HVWX�
GLDQWH�HQ�OD�REWHQFLyQ�GH�OD�SUXHED��8Q�HMHPSOR�FOiVLFR�HV�GHPRVWUDU�OD�XQLFLGDG�GHO�
FHUR�FRPR�HOHPHQWR�QHXWUR�GH�OD�VXPD�HQ�HO�FDPSR�GH�ORV�Q~PHURV�UHDOHV� (VWH�WLSR�
GH�SURSRVLFLyQ�VH�DERUGD�XVXDOPHQWH�SRU�UHGXFFLyQ�DO�DEVXUGR��VXSRQLHQGR�TXH�H[LVWH�
XQ�VHJXQGR�HOHPHQWR�QHXWUR�FRQ�UHVSHFWR�GH�OD�VXPD�\�OOHJDQGR�D�XQD�FRQWUDGLFFLyQ�� 

 
&RPR�VHxDODQ�$UQDO�\�2OOHU�������� ODV�GLYHUVDV�IXQFLRQHV�GH�OD�GHPRVWUDFLyQ�GH�

EHQ�SUHVHQWDUVH�HQ�HO�DXOD��FRPR�SDUWH�GH�ODV�HVWUDWHJLDV�GH�PHGLDFLyQ, para alcanzar 
XQD� PHMRU� FRPSUHQVLyQ� GH� ORV� FRQFHSWRV� PDWHPiWLFRV�� VLQ� HPEDUJR�� SDUD� HOOR� ORV�
GRFHQWHV�GHEHQ�WHQHU�XQ�DPSOLR�FRQRFLPLHQWR�GH�HVWDV�WpFQLFDV�  

6 El complemento Inductivo-Deductivo  

6HJ~Q $VFHQFLR���������H[LVWH�XQD�SUHRFXSDFLyQ�VREUH�OD�IRUPD�HQ�TXH�HVWXGLDQWHV�
\� GRFHQWHV� XQLYHUVLWDULRV� DERUGDQ� OD� GHPRVWUDFLyQ� FRPR� SURFHVRV� GH� HQVHxDQ]D� \�
DSUHQGL]DMH�GH�OD�PDWHPiWLFD��\D TXH�SUHGRPLQDQ�ORV�HVTXHPDV�GH�GHPRVWUDFLyQ�HP�
StULFD�\�HQ�PXFKRV�FDVRV�VH�FDUHFH�GH�XQD�HVWUXFWXUD�GHGXFWLYD��(O�SUREOHPD�QR�UDGLFD�
HQ�TXH�VH�XWLOLFH�OD�LQWXLFLyQ�HQ�ORV�SURFHVRV�GH�GHPRVWUDFLyQ��\D�TXH�OD�LQWXLFLyQ��DVt�
FRPR� ORV� SURFHVRV� LQGXFWLYRV�� QR� VH� HQFXHQWUDQ� RSXHVWR� D� ODV� LGHDV� IRUPDOHV� \� ORV�
PpWRGRV� GHGXFWLYRV� 3RU� HO� FRQWrDULR, FRPR� OR� VHxDODn $QJXOR� HW� DO�� ������ deben 
FRPSOHPHQWDUVH� “el rigor y la intuición, estas dos componentes se complementan, 
forman parte de un mismo elemento” (p. 13). 

 
CRQRFHU�ODV�WpFQLFDV�GH�GHPRVWUDFLyQ�\�DSOLFDUODV�FRUUHFWDPHQWH�HV�XQ�UHWR�SDUD�ORV�

HVWXGLDQWHV�GH�XQ�FXUVR�GH�DQiOLVLV�UHDO� SHUR��DGHPiV��ORJUDU�SODQWHDU�\�UHVROYHU�SUR�
EOHPDV�GH�GHPRVWUDFLyQ�SDUWLHQGR�GH�XQ�PpWRGR�LQGXFWLYR�HV�XQD�KDELOLGDG�TXH�WDP�
ELpQ�GHEH�IRPHQWDUVH� 1R�VRODPHQWH�VRQ�YiOLGRV�ORV�SURFHVRV�GH�GHPRVWUDFLyQ�GHGXF�
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WLYRV��H[LVWH�XQD�JUDQ�LPSRUWDQFLD�HQ�ORV�PpWRGRV�LQGXFWLYRV, FRPR�WDPELpQ�OR�VHxDOD�
(VWHYHQ�HW�DO��������, SDUD�TXH�HO�PLVPR�HVWXGLDQWH�VHD�FDSD]�GH�JHQHUDU�VXV�SURSLDV�
FRQMHWXUDV��$GHPiV��VHJ~Q�*RGLQR�\�5HFLR�������, HQ�OD�HQVHxDQ]D�\�DSUHQGL]DMH�GH�
OD�PDWHPiWLFD�FRQYLYHQ�ODV�GLVWLQWDV�IRUPDV�GH�UD]RQDPLHQWR��HO�HPStULFR-LQGXFWLYR�\�
HO� OyJLFR-GHGXFWLYR��HQ�VXV GLVWLQWDV�PRGDOLGDGHV�� WUDQVIRUPDFLRQDOHV�\�D[LRPiWLFDV��
\�HQ�OD�IRUPXODFLyQ�GH�FRQMHWXUDV��HMHPSORV��FRQWUDHMHPSORV�\�JHQHUDOL]DFLRQHV�� 

7 Conclusiones 

/D� QDWXUDOH]D� GH� XQ� FXUVR� LQWURGXFWRULR� R� DYDQ]DGR� GH� DQiOLVLV� UHDO� UHTXLHUH� XQ�
PDQHMR�DGHFXDGR�GH�ODV�SULQFLSDOHV�WpFQLFDV�GH�GHPRVWUDFLyQ�PDWHPiWLFD \�FRPSUHQ�
GHU�DGHFXDGDPHQWH�VXV�IXQFLRQHV��SDUD�JDUDQWL]DU�OD�FRPSUHQVLyQ�GH�ORV�REMHWRV�PD�
WHPiWLFRV�SURSLRV�GHO�DQiOLVLV�PDWHPiWLFR�PRGHUQR�� 

 
/D� GHPRVWUDFLyQ, D� WUDYpV� GH� XQ� UD]RQDPLHQWR� GHGXFWLYR, SHUPLWH� DUJXPHQWDU� OD�

YDOLGH]� GH� SURSRVLFLRQHV� UHIHUHQWHV� D� ORV� FRQFHSWRV�PDWHPiWLFRV� SURSLRV� GHO� FXUVR��
FRQ�HO�ILQ�GH�HVWDEOHFHU�SURSLHGDGHV�GH�ORV�REMHWRV�� 

 
/D� IRUPDOL]DFLyQ�GH� ORV� FRQFHSWRV�PDWHPiWLFRV�SHUPLWH� HVWDEOHFHU�JHQHUDOL]DFLR�

QHV�\� UHFRQVWUXLU� IyUPXODV�SURSLDV�GHO�ciOFXOR�� HVWDEOHFHU�FRQMHWXUDV�\� UHVROYHU�SUR�
EOHPDV�� OR� FXDO� GHEH� WHQHUVH� HQ� FXHQWD� FRPR� LQVXPR� SDUD� IRUWDOHFHU� OD� IRUPDFLyQ�
SURIHVLRQDO�GH�IXWXURV�GRFHQWHV�GH�FXUVRV�XQLYHUVLWDULRV�LQLFLDOHV��DVt�FRPR�GH�FXUVRV�
PiV�HOHPHQWDOHV�HQ�OD�HQVHxDQ]D�PHGLD��� 

 
(O�FRQRFLPLHQWR�SURIXQGR�GH�ORV�FRQFHSWRV�PDWHPiWLFRV��OD�IRUPD�HQ�TXH�VH�JHQH�

UDURQ��FyPR�KDQ�HYROXFLRQDGR�\�ODV�GLIHUHQWHV�FRQH[LRQHV�FRQ�RWURV�FRQFHSWRV�GH�OD�
PLVPD�UDPD�GH�OD�PDWHPiWLFD�X�RWUD�UDPD�SHUPLWHQ�DO�GRFHQWH�XQD�PD\RU�FRQFHSFLyQ�
GH�HVWH��JHQHUiQGRVH�XQ�PD\RU�UDQJR�SDUD�MXVWLILFDU�DGHFXDGDPHQWH�D�VXV�HVWXGLDQWHV�
VREUH�OD�LPSRUWDQFLD�HQ�HO�HVWXGLR�GH�HVWRV�FRQFHSWRV, GXUDQWH�VXV�SURFHVRV�GH�HQVH�
xDQ]D�\�DSUHQGL]DMH�\�VX�XWLOLGDG�HQ�HO�FRQWH[WR�GH�VX�IRUPDFLyQ��� 
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