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_\. ¢Ensenar a pensar - educar el pensamiento?

v El aprendizaje se determina mediante la experiencia y el conocimiento
previo ante la resolucion de una situacion problematica.

v Las nuevas ideas provocan conflictos cognitivos en el sujeto que aprende,
gue se resuelven mediante asimilacion y acomodacion, reestructurando

sus modos de pensamiento.

Piaget e Inhelder proponen a los nifios problemas y los entrevistan
determinando sus razonamientos a diferentes edades.

En vista de ello describen el razonamiento tipico en cada etapa de desarrollo.

https://enfoqueontosemiotico.ugr.es/
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a) Capacidad para interpretar y evaluar criticamente
informacién estadistica y argumentos apoyados

en datos, segun diversos contextos;

b) Capacidad para discutir o comunicar opiniones
respecto informaciones estadisticas.

Elementos de
conocimiento

=i

Elementos de
disposicion
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Adults’ Statistical Literacy: Meanings,
Components, Responsibilities

Tddoe Gal
University of Haifa, Israd

Summary

Statistical literacy is a
touted as an expected ow
literacy. Yet, its meankng ai
conceptualization of statis
as the ability to interpret, c
It is argued that statistics
knowledge bases (lileracy,
supporting dispositions an
responsibilities facing edu
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TOWARDS "PROBABILITY LITERACY™ FOR ALL
CITIZENS: BUILDING BLOCKS AND
[NSTRUCTIOKAL IMLEMMAS

Chaprer 2

Probability is the very guide of life. {Cicera)
Chamiar favors the prepared mind, {Louis Pasteur)

I INTRGDLICTION

‘What do we want students 10 learm aboul probability, and wihy do we wani
them fo learn that? Two reasonsamswers are often provided in the
mathematics and statistics education lilesalure. The first 45 that probability =
part of mathematics and statistics, Aelds of knowlsdge that are impomand to
b in Abeir own right, 23 part of modern education. & variation en thes
answer is that leaming of probability is a foundation for leaming more
advanced subjects sisch as sampling and siatistical significance [Scheailer,
Watkims, & Landwehr, 1998]) or topics in other sciences. The second answer
& ki the learning of prabahility is essential to help prepare students For life,
simce random events and chance phenomena permeats our lives and
erveroanments | Bennelt, 1998, Belirami, 1999, Everitt, 1999].

These two reasons for kearning probability, which are driven by internal
and external considerations, respectively, are not mutually exclusive; bath
have menit and showld influence our thinking about the comtent and process
of education. Thas chapter is based, bowever, on the helief that it 15 essential
to place sufficient eniphssis on isswes that ane exiermal to the stnectare of
probabality as a maibematical amd statistical lopic. 'We have to rellect on the
nature of the probability-laden sibsations in the real world that adulis may
have o understand or cope with, and on the implications for needed
knowledge and educational experiences, Anention to real-world demands
should mt be the caly factor miluencing curmcular planning or leachers’
practices, but it must be a part of the considerntions that puide what gets
planmed, taught, assessed, and valved i the classroom.

Oirafem A Joees (Bl Ecplodng prodalildy o school Chollenges for racking osd
learning, Y581, L0005
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a) Capacidad para interpretar y evaluar criticamente
informacién estadistica y argumentos apoyados
en datos, segun diversos contextos;

b) Capacidad para discutir o comunicar opiniones
respecto informaciones estadisticas.

Elementos de
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Elementos de
conocimiento
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(Ed.), Exploring probability in school (pp. 39-63). Springer.
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formacion de profesores. Editorial Universidad de Almeria.
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Tabla 1 Porcentaje de actividades analizadas segun curso y editorial
Curso  Anaya Edelvives Santillana Total

Advances in Mathematics Education

Gail F. Burrill
Leandro de Oliveria Souza
Enriqueta Reston Editors

Research

on Reasoning

with Data and
Statistical Thinking:
International
Perspectives

@ Springer

n=862 n=892 n=795 n=2549
1 124 9.8 8.9 10.4
2 13.0 16.0 10.8 134
3 29.7 30.2 44.8 34.6
4 449 441 35.5 41.7
OBJETOS ALGEBRAICOS
v Variable y valores de la variable
(tipos, escala, clases de equivalencia)
v Significado operacional de la igualdad Objetos
v" Significado relacional de la igualdad
v" Clases en intervalos, extremos,
intervalo modal o mediano Transformaciones
v Frecuencia y tipos de frecuencia
v/ Rango, maximo, minimo
v Dependencia e independencia .
, Lenguaje
v' Parametros
v Funcioén (lineal y no lineal);

proporcionalidad

Pallauta, J.D., Gea, M. M., Batanero, C., & Arteaga, P. (2023). Algebraization Levels of Activities Linked to Statistical Tables in
Spanish Secondary Textbooks. In G.F. Burrill, L.O. Souza, E. Reston (Eds) Research on Reasoning with Data and Statistical
Thinking: International Perspectives (pp. 317-339). Springer. https://doi.org/10.1007/978-3-031-29459-4 23
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» Tabla de datos. Primera organizacién de un
conjunto de datos (contiene valores de una o
varias variables para cada individuo de la

muestra).

> Tabla de distribucion de una variable. Se asocia

a cada modalidad de la variable el nUmero de

individuos de la muestra (frecuencia) y

representa su distribucion.

» Tabla de doble entrada o de contingencia.
Representa datos mediante el cruce de dos
variables estadisticas (correspondencia entre
modalidades de fila y columna) junto a las

frecuencias conjuntas de los mismos.

Datos, x; G n, “
[0, 6) 3 3 9 i
6, 12) 6 54 |
[12,18) 15 8 120 17
(18, 24) 21 5 105 22
24, 30] 27 3 81 25

ota N=25 | 369

(E;*Zf;‘) F, |EdadxF,
Wy 8 88
12 12
13 10
14 6
15 3
Total 39
a.
(170, | 175, | [180, | [185, | 190, ibai
. 175) | 180) | 185) | 190) 19
(65,70) | 3 0 0 0 0 3
[70, 75) 1 3 0 0 0 7
75,80 | 1 R T T .
gk | o |l vl 2 1] 32 s
(85,90 | 0 0 1 1 3 5
N s (6| 7| 2| s 25
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Tabla de datos (Nivel O - aritmético)

—4—Edelvives —m—Anaya

ist

3rd
applied

3rd 4th

—4—Santillana

4th

academic applied academic

Tabla de distribucion en frecuencias
acumuladas (Nivel 3 - algebraico)

2nd

—4—Edelvives —m—Anaya

3rd
applied

3rd dth
academic applied

—&—Santillana

4th
academic

Tabla de distribuciéon en frecuencias

absolutas y relativas (Nivel 1 - prealgebraico)

100% —4—Edelvives —m—Anaya —e—Santilana

90
805
705
60%
S0%
40%

1st 2nd 3rd 3rd 4th 4th
applied academic applied academic

Tabla de distribucion en intervalos de
valores (Nivel 3 - algebraico)

50% —4—Edelvives —m—Anaya —a—Santillana

45%
40%
35%
30%
25%
20%
15%
10

5%

0%

N,——

1st 2nd 3rd 3rd 4th 4th
applied academic applied academic
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Tabla de doble entrada en frecuencias
absolutas o relativas (Nivel 4 - algebraico)

Advances in Mathematics Education

605 —+—Edelvives —m—Anaya —a—Santilana
Gail F. Burrill o
Leandro de Oliveria Souza
Enriqueta Reston Editors a0

Research 2o

on Reasoning I s /A

1 1 2nd 3rd 3rd ath ath
Wlth Data and B ’ apprlted acadremic apptlled acadtemic

St&tlSth?' Thlnkmg° Tabla de doble entrada en valores en
International intervalos (Nivel 4 - algebraico)
Perspectlves - —4—Edelvives —m—Anaya —i—Santillana
7%
6%
5%
@ Springer ax
3%
Pallauta, J.D., Gea, M. M., Batanero, C., & Arteaga, P. 2%
(2023). Algebraization Levels of Activities Linked to Statistical Tables 1%
in Spanish Secondary Textbooks. In G.F. Burrill, L.O. Souza, E. Reston 0% r - v . . .
(Eds) Research on Reasoning with Data and Statistical Thinking: 1st 2nd 3rd 3rd ath ath
International Perspectives (pp. 317-339). Springer. applied academic applied academic

https://doi.org/10.1007/978-3-031-29459-4 23
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Abstract
Thic paper anafyzes the retabonmn between proportional reasoning and understanding fair games in Costa
Rican students. We conducied a quanbialive and qualitative analysss of the answers t six items on

comparing
rafios of increasing difficulty level and ancther item on prize esfimation in 2 fair game. We describe the
sirategies empioyed and the semiofic conflicts detected in 222 Costa Rican students fom Grades 6 o 10 {11-
findings with those: research. The results show an increase:
nmlmmumdreamﬂmgmmmegade am:ghmeagealmmemghermmarereadeds
lower than fhat assumed by Noslting. The perceniage of students applying comect sirategies in the fair game
probiem aleo increases with graie, and a relaionship between the understanding of fair game and the level of
proporional reasaning i observed.
Keywords: Evaluation, Fair Game, Understanding Proporfional Reasoning Leve!

How o Gi: Gea W M, Heméndez-Sols, L. A, Batanero, C., & Alvarez-Aroyo, . (2023). Relating stlents’
proporfionsl ressoning level and their understanding of fair games. Journal on Mathematics Education, 14(4),
63662, htpuido orgi10.223421jme.v14id ppé63 662

The development of statistical inference and the increase of probabilistic information in the media and
professional and scientific contexts, together with its role in decision-making, requires the probabilistic
educaion of citizens (Jones et al, 2007; Sharma, 2016). Probability has strong links to other
mathematical content, such as proporionality, combinatorics, logic, and algebra (Van Dooren, 2014).
This prominence has led to the teaching of probability from primary school orwards in mathematics
currcula (e.g., Ministeno de Educacion Piblica [MEP], 2012; Ministerio de Educacion y Formacion
Profesional, 2022).

In this paper, we focus on students' understanding of fair games, specifically their competence to
transform a non-equitable game into a fair one. Games of chance onginated the first ideas of probaklity
(Batanero et al, 2005) and played a role in its teaching. They are the primary context where children
become aware of randomness and perform probabilistic estimations, even before instruction (Batanero
etal, 2013). Moreover, they remforce some fundamental ideas Gal (2005) included in his probabilistic
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Abstract

This research aimed to relate Costa Rican sudents (11-16-year-olds) competence to compare
probabilities in spinners and proportional reasoning in the comparison of ratios, We gave one of
two questionnaires o a sample of 202 students (grade 6 1 grade 10) with three probability
comparison and three ratio comparison problems each. Globally both questionnaires cover six
cifferent proportional reasaning levels for each type of problem. Additianally. each questionnaire

10 discover a specific bias. We analyzs the

percentages of correct responses to the items. strategies used to compare probabilities per school
grade, and students’ probabilistic reasoning level. The results canfirm mare difficulty in comparing
ratio than in comparing probability and suggest that the reasoning level achieved is lower than
established in previous research. The main bias in the students’ responses was to consider the
physical distribution of colored sectors in the spinners. Equiprobability and outcome approach

were very scarce.

Keywords: comparing probabilities in spinners, proportional reasoning. reasoning levels, 11-16-

year-okds sudents

INTRODUCTION

Pmbahhtyxspaxtq{hmaﬂ\mmnmm
education in Costa Rica
{\mmoaesdmmmm«ryn«m
Education] [MEF], 2012) and ofher countries (eg.
Anstrakian Comwiculum, Assssment and Reporting
Antherity [ACARAL 2020, Ministerio de Educacién ¥
Formacién Profesional [Ministry of Education and
Professional Training] [MEFF], 2022). The reasons
include wsefulness of topic in decision-making, its
instrumental role in other subjects and the study of
inference. and the need to understand the probabilistic
information prevalent in the media (Borovenik. 2016;
Gal, 2005; Mudiiz-Rodriguez et al. 2020; Visquez et al.
2020).
Piaget and Inhelder (1951) first studied the problem

Children participating in these studies had not
studied probability and revealed a strng
mhtms}npbelwmsummpmb.bmnmupam

and propertional reasoning. Moreover,
reasoning is considered to be linked fo the acquisition of
bability (Begolli et al. 2071 Bryant &

prol reascning
DNunez. 2012 Watson & Shaugimessy. 2004).

Most research analyzing the comparison of two
probabilities used the selection of balls from ums, and
fmc{ﬁ!mcmﬂdemdukﬂ\asamehmame

n
[Batlne'mekal mp:us}mmmmempmps;nf
704 11-16-year-olds students from Costa Rica and Spain
in the comparison of ratios and the comparison of
probabilities in ums. The tasks covered sbx different
proportional reasoning levels for each type of problem.
The resulfs confirmed the highest dificulty in

of comparing fwo probabilities, and afterwards, many  comparing probability that in the comparisan of ratios
researchers mvestigated the children'’s capacity for fhus  and that the reasoning level achieved in both tasks were
n task (Batanero & Alvarez-Anoyo, 2023 Heméndez Solis  lower than suggested in previous Tesearch We also
et al, 2023; Jones et al. 2007; Pratt & Kazak 2018). informed of comect and incorrect strategies of students
in the comparison of probakilities.
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Razonamiento proporcional y algebraico en la ensenanza y
aprendizaje de la estadistica

Elena y Juan preparan limonada. Elena mezcla 2 vasos de zumo de limon con 3 vasos de agua. Juan mezcla 1

vaso de zumo de limon con 3 vasos de agua. Todos los vasos contienen la misma cantidad de liquido. Observa el
dibujo.

Elena Juan
Zumo de Agua Zumo de Agua
limon limon

88 555 § ©55

(Cual de las dos limonadas sabe mas a limon?
() La de Elena.

() La de Juan.
() Las dos igual.
0

No lo sé.
Explica por que das esta respuesta: (Noelting’ 1980a; 1980b)
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Razonamiento proporcional y algebraico en la ensenanza y
aprendizaje de la estadistica

Maria y Esteban juegan a lanzar un dado con 6 caras numeradas del 1 al 6. Maria gana 1 barra
de chocolate siel dadosale 263 64 6 5 6 6. Si resulta un 1, Esteban gana una cierta cantidad
de barras de chocolate. ;Cuantas barras de chocolate debe ganar Esteban cuando sale el 1,
para que el juego sea equitativo?

En la caja A hay 3 fichas negras y 2 fichas blancas. En la caja B hay 5 fichas negras y 2 fichas blancas. Observa el

EXNIEXY

A B

Se agitan las cajas y se saca una ficha con los ojos cerrados ;En cual es mas probable sacar una ficha negra?
Senala la respuesta correcta:

( ) Hay mas probabilidad de sacar una ficha negra de la caja A.

( ) Hay mas probabilidad de sacar una ficha negra de la caja B.

( ) En ambas cajas hay igual probabilidad de sacar una ficha negra.

( ) No lo sé.

Explica por qué das esta respuesta:
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Razonamiento proporcional y algebraico en la ensenanza y
aprendizaje de la estadistica

La ruleta A esta divida en 5 partes de igual area (4 estan pintadas de negro y 1 pintada de blanco) y la ruleta B
estd divida en 7 partes de igual area (4 estan pintadas de negro y 3 pintadas de blanco). Observa el dibujo.

Si se gira la flecha, ;Cual de las dos ruletas da mayores probabilidades de que la flecha pare en el color negro?

Senala la respuesta correcta.

( ) La ruleta A.

( )LaruletaB

( ) Las dos ruletas tienen la misma probabilidad.
( ) No lo sé.

Explica por qué das esta respuesta:
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Razonamiento proporcional y algebraico en la ensenanza y
aprendizaje de la estadistica

RELACION DE ESTRATEGIAS
Comparacion de probabilidades Comparacion de razones

= Comparar casos favorables
= Comparar casos desfavorables

Comparar primeros términos en la razéon
Comparar segundos términos en la razén

= Reconocer la equivalencia a la unidad
= Reconocer la equivalencia de razones

= Reconocer la equiprobabilidad

» Comparar razones entre casos
favorables y desfavorables
= Reducir a comun denominador

Comparar razones

Los items de probabilidad resultaron complejos (mucho mds en urnas y juego justo). Las
respuestas incorrectas se fundamentan, principalmente, en comparaciones aditivas
(términos o totales), siendo escasas las respuestas basadas en estrategias multiplicativas.
La ensenanza del tema no evidencia mejores resultados que en investigaciones previas.
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Reflexiones sobre el razonamiento proporcional-
algebraico y estadistico en la practica de aula

v Es relevante considerar la actividad algebraica a partir de los primeros
niveles educativos (Carraher y Schliemann (2007), Godino et al.
(2014) o Radford (2014); en particular, el razonamiento proporcional
es una capacidad fundamental que influencia otras areas de las
matematicas como la medida, geometria, probabilidad, etc.

v" En nuestros estudios mostramos que las tablas estadisticas podrian
contribuir en este aspecto: se encuentran presentes en los curriculos
de muchos paises y la actividad con ellas aborda diferentes niveles de
algebrizacion, lo que permite establecer conexiones entre la
aproximacion intuitiva y formal en la estadistica.

v Fomentar la comunicacidon en matematicas requiere promover el uso
del lenguaje en sus distintas representaciones (formales y no
formales), lo que redunda en el pensamiento matemadtico que se
aplica en la resolucion de problemas.



Reflexiones sobre el razonamiento proporcional-
algebraico y estadistico en la practica de aula

v’ La estadistica forma parte de la educacién deseable para un ciudadano,
pues contribuye en el desarrollo de la capacidad en lectura e
interpretacion de informacion (tablas y graficos estadisticos,
resimenes e inferencias en base a datos) que con frecuencia aparecen
en los medios de comunicacion.

v Su estudio fomenta el razonamiento critico, basado en la valoracién de
la evidencia objetiva. Pero se requiere atencion a los posibles sesgos
en situaciones de juego; por ejemplo, resulta dificil reconocer un juego
justo (por ejemplo, creer que cualquier juego es justo por tratarse del
azar) y estimar la ganancia para que el juego sea justo (por ejemplo, si
hay diferentes probabilidades de ganar el juego nunca serd justo).

v Si se quiere promover que el alumno adquiera un adecuado
pensamiento estadistico es necesario que la resolucion de problemas
se enmarque en ambiente discursivo donde se fomente la
comunicacion tanto oral como escrita.
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